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Abstrat
We disuss the unique existene, arising by analogy to that in alge-
braially speial spae-times, of a CR struture realized on null innity
for any asymptotially at Einstein or Einstein-Maxwell spae-time.
It has been well-known in a large portion of the relativity ommunity that
shear-free null geodesi ongruenes play an extremely important role in gen-
eral relativity. Though it is hard to argue from a priori knowledge that this
should be true, nevertheless from many examples and theoretial disoveries,
the importane does, in fat, beome easy to see. For example, many of the
most important exat solutions of the vauum Einstein or Einstein-Maxwell
equations possess a degenerate priniple null vetor that is both geodesi and
shear free, e.g., the Shwarzshild, the Reissner-Nordstrom, the Kerr and Kerr-
Newman metris. In eletrodynamis, the Lienard-Wiehert {as well as the
omplex Lienard-Wiehert[1℄} Maxwell elds have a priniple null vetor that
is also tangent to a shear free null geodesi ongruene. These observations,
in turn, led to the more general issue: nd all Einstein metris that possess a
priniple null vetor eld that is shear-free and geodesi. From this ame the
disovery of the algebraially speial metris and the beautiful Goldberg-Sahs
theorem stating that the degenerate prinipal null vetors for Einstein metris
are always geodesi and shear free. It opened the door to the large subjet of
studying the properties and integrating the algebraially speial metris. One
of the very pretty mathematial disoveries was the automati existene of a
three-dimensional CR struture[2, 3, 4, 5, 6℄ assoiated with these metris. In
the speial ase of asymptotially at algebraially speial metris, {or in their
at-spae limits} one ould hoose null innity, [I
+], as the realization spae of
the CR manifold where a `portion' of the metri (oming from the ongruene
itself) denes the CR struture.
From a dierent perspetive Penrose, in his development of at-spae Twistor
Theory, realized the importane of what is now known as the Kerr theorem,
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whih states that a holomorphi funtion (of three omplex variables) on pro-
jetive twistor spae, CP
3, denes in Minkowski spae, a shear-free null geodesi
ongruene that is, in general, twisting, i.e., is not surfae forming. Thus in some
general sense the shear-free null geodesi ongruenes lie at the enter of Twistor
Theory.
Remark 1 The real ve-dimensional subspae of projetive twistor spae, N,
dened by the vanishing of the twistor norm, possesses a ve-dimensional CR
struture[7, 8℄. The intersetion of N with the subspae of CP
3
that is obtained
from the vanishing of a holomorphi funtion {via the Kerr theorem} is a real
three-dimensional CR manifold with the CR struture inherited from that of N.
It is one purpose of this note to point out that the shear-free strutures
assoiated with these speial situations, i.e., at spae or the algebraially spe-
ial metris, an be generalized to virtually all asymptotially at Einstein or
Einstein-Maxwell spae-times. Though shear free null geodesi ongruenes an
not be found in arbitrary spae-times, the idea of shear-free null geodesi on-
gruenes is generalized to asymptotially shear-free null geodesi ongruenes.
They exist in all asymptotially at spae-times.
In several reent artiles[9, 10, 11, 12℄ we returned, with a rather unonven-
tional point of view to the study of asymptotially at solutions of the Einstein
or Einstein-Maxwell equations. The main development in that work was the
realization that for any given asymptotially at Einstein or Einstein-Maxwell
spae time with any given Bondi asymptoti shear (with non-vanishing total
eletri harge), one ould nd a lass of asymptotially shear free (but in general
twisting) null geodesi ongruenes. The lass was uniquely given up to an ar-
bitrary hoie of a omplex analyti world-line in the omplex four-dimensional
spae known as H-spae. In the ase of asymptotially at vauum spae times,
by mimiking some terms that are found in algebraially spaial type II metris,
this omplex world-line an be hosen uniquely. For the ase of the Einstein-
Maxwell elds, there are a pair of uniquely dened omplex world-lines in the
H-spae: one is dened from the Maxwell tensor at null innity while the other
is found from again mimiking terms found in the type II metris. We onen-
trated on the speial or degenerate ase where the two world-lines oinide. At
rst it was not at all lear as to what meaning one ould assign to this (these)
world-line(s). Gradually however suggestions as to their meaning or physial
ontent did appear. Though it is not the intent here to go into the details of
this issue, we remark that the real part of the world-line an be identied as a
position vetor in some sort of sreen or observation spae, with the mean-
ing of a enter-of-mass, while the imaginary part an be identied with the
asymptotially dened spei spin-angular momentum, i.e., spin per unit mass.
The most surprising aspet of this attempt to understand the omplex world-
line was disovering its relationship to the Bondi mass-momentum, (M,P i).
Writing the omplex world-line as za = ξa(τ ) = ξaR(τ ) + iξ
a
I (τ ) and with heavy
approximations we disovered that we had the relationship
P i = Mξ˙
i
R −
2q2
3c3
ξ¨
i
R −
3
2c
Mǫijk ξ˙
j
I ξ˙
k
R + . . .
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Then, using the Bondi mass-momentum loss equation, i.e., the equations for
dP i/du, the equations of motion for both the real and imaginary parts of the
world-line are determined. One sees immediately that there is now the lassi-
al radiation-reation fore but, in addition, from the mass loss an additional
ounter term appears that seems to suppress the runaway solutions assoiated
with the radiation reation fore.
The main point of this note was however to point out that there is a simple
lear mathematial restatement of our main results[9, 10, 11, 12℄. What we
have shown is that for any asymptotially at Einstein-Maxwell eld (with a
non-vanishing harge) there are (in general) two distint CR strutures given
on I
+
, one determined from the Maxwell eld, the other from the Weyl tensor.
We assumed in that work the speial ase where the two world-lines oinided.
The unique CR struture arises in the following manner. We begin with
Bondi oordinates (u, ζ, ζ¯) on I+ and with a Bondi one-form basis (n, l,m, m¯).
The one-form n is the dual to the tangent vetor to the generators of I+ and l
is dual to the vetors normal to the u = constant slies of I+, (m, m¯ are duals
to the tangent vetors of the 'slies', u = constant). We then perform a null
rotation around n of the form
l∗ = l +
L
r
m¯+
L¯
r
m+O(r−2), m∗ = m+
L
r
n+O(r−2)
where L , at this moment, is an arbitrary funtion on I+, i.e., L = L(u, ζ, ζ¯).
The resulting one-forms on I
+
are (after a onformal resaling of m)
l∗ = du −
L
1 + ζζ¯
dζ −
L¯
1 + ζζ¯
dζ¯ , (1)
m∗ =
dζ
1 + ζζ¯
, m∗ =
dζ
1 + ζζ¯
.
We note that, for any hoie of the funtion L(u, ζ, ζ¯), the three one-forms from
Eq.(1), are a representative set of one-forms (up to gauge freedom) that dene
a CR struture on I
+.
When we require that the new null ongruene dened by the l∗ be asymp-
totially shear free, we disover[9℄ that L = L(u, ζ, ζ¯) satises the non-linear
dierential equation
ðL+ LL,u = σ(u, ζ, ζ¯) (2)
with σ the freely hosen radiation data; the Bondi asymptoti shear.
This equation an be transformed[9℄, so that, surprisingly, one ould see
immediately that the solutions are given up to the hoie of an arbitrary world-
line in H-spae. Speially, the solutions are given in the following parametri
form: Begin with the general solution to the `good ut equation', u = X(za, ζ, ζ),
with za an arbitrary point in H-spae. Then hose an arbitrary H-spae world-
line, za = ξa(τ ), and substitute it into solution yielding, u = X(ξa(τ ), ζ, ζ) ≡
Z(τ, ζ, ζ). Finally by the appliation of ð to Z(τ , ζ, ζ), we have the solution to
Eq.(2) given parametrially by
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u = Z(τ, ζ, ζ)
L(u, ζ, ζ¯) = ðZ(τ , ζ, ζ).
We thus have that the family of asymptotially shear-free of null geodesi
ongruenes are determined by the arbitrary world-line za = ξa(τ ). At this
stage we have a CR struture for every hoie of the world-line.
Finally by imposing the onditions (mentioned earlier) on the Weyl tensor
and Maxwell tensor that mimiked the algebraially speial Weyl tensor, we
obtained a unique world-line and unique hoie of L(u, ζ, ζ¯). Consequently we
have a unique CR struture on I
+
.
An additional point to note is that if the equation u = Z(τ , ζ, ζ) is inverted
so that
τ = T (u, ζ, ζ¯),
it beomes easy to show that τ is a CR funtion, i.e., that T (u, ζ, ζ¯) satises the
CR equation
ðT + LT,u= 0
whih gives a geometri meaning to the world-line parameter τ. The loal C2
from whih the three-dimensional CR manifold is dened is (τ , ζ¯), with the
parametri form of the embedding given by (τ , ζ¯) = (T (u, ζ, ζ¯), ζ¯).
We mention that with our physial interpretation of the world-line, we have
the surprising result that when the two world-lines oinide, i.e., when there is
just one CR struture, one nds that the gyromagneti ratio, i.e. the ratio of
spin to magneti moment is the same as that of Dira, namely g = 2.
A question immediately arises: Is there any analogue of the Kerr theorem,
whih gave the shear-free null geodesi ongruenes in at-spae via arbitrary
holomorphi funtions on twistor spae, to our ase of nding asymptotially
shear-free null geodesi ongruenes. The answer is yes. The full details are
now being worked out. The role of at twistor spae is played by asymptoti
twistor theory[13, 14, 15, 16℄. The analogue of the Kerr theorem, whih produes
asymptotially shear free ongruenes, lies in the arbitrary hoie of the omplex
world-line in H-spae. The vanishing of the norm of the asymptoti twistor
spae[15℄, whih produes the analogue of N, yields the ve-dimensional CR
manifold, N*, a real subspae of the projetive asymptoti twistor spae. The
three-dimensional CR struture given on I
+
, that has been desribed here, is
inherited from N*.
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